High-field polynomial expansions (through order 9) are derived for the six-state planar Potts model and analysed. Suggestive evidence is found for an intermediate phase in which the exponent 0 varies continuously as a function of temperature. This behaviour is consistent with recent results predicting that the model exhibits two transitions separating a 'topologically ordered' phase analogous to that found in the planar rotor model.
Introduction
There has been considerable interest recently in the behaviour of two-dimensional models with nearest-neighbour interactions which are invariant under a global Zp symmetry (Jose et al. 1977; Elitzur et al. 1979; Wu 1979; Cardy 1980; Einhorn et al. 1980; Hamer and Kogut 1980; Alcaraz and Koberle 1980; Domany et al. 1980) . A particular example of this class of models is the p-state planar Potts (1952) model (also known as the 'clock' model). The Hamiltonian of this model is (J > 0)
H= -J L COS«(}i-(}j),
(1) <ij> where the sum runs over all nearest-neighbour pairs on the lattice and the variables () i take the values (}i = 2nn;/p; ni = 0,1,2, ... ,p-1. (2) For p = 2 and 4, this model reduces rather trivially to the Ising model, while for p = 3 it is equivalent to the conventional three-state Potts model. However, for p > 4, recent analyses (Cardy 1980; Alcaraz and Koberle 1980; Einhorn et al. 1980) have suggested that the model should exhibit two transitions.* At low temperatures, the system exhibits conventional long-range order, i.e. the correlation function behaves as r(r-r') = (cos«(},-(},,» -+ r~ (3) as I r -r' I -+ 00, where r 0 (> 0) is the spontaneous order. At the first transition TL , r 0 vanishes and the system enters a phase in which r(r -r') decays algebraically: r(r-r') '" I r-r' r,, (T) , (4) with '1(T) temperature dependent. This phase is thus similar to the low-temperature phase of the XY model. This phase then terminates at a second temperature Tu above which F(r) decays exponentially.
In this paper, we derive high-field/low-temperature polynomial expansions for the six-state model (p = 6). In principle, this series allows one to analyse the behaviour of the spontaneous order as the temperature approaches the lower transition. However, Cardy (1980 ) using a Kosterlitz (1974 style renormalization group analysis has shown that (5) which would be verydiffi:cutt to detect in a series analysis. On the other hand, the high-field expansion can also be used to investigate the behaviour of F oCT, h) as h ~ 0 at fixed T, where h is the appropriate symmetry breaking field. This we do in this paper, and find that over a range of temperature (6) This behaviour is consistent with the expression (4) and the existence of a massless XY -like phase.
Our arguments are arranged as follows. The derivation of the basic series is described in Section 2. Section 3 is devoted to an analysis of the low-temperature expansion of the spontaneous order F oCT). As suggested above this analysis is rather inconclusive. A somewhat more successful estimation of the exponent beT) is carried out in Section 4. Section 5 closes the paper with an overall summary.
Series Expansions for Planar Potts Model
To derive high-field or low-temperature expansions for a Zp model, we introduce a field h which singles out one of p symmetric directions (1; = 2nni/p, n i = 0,1, ... ,p-l.
For convenience we choose h to be in the '0' direction and consider the Hamiltonian
The reduced partition function A is defined by (8) where N is the number of lattice sites and f3 = l/kTwith k Boltzmann's constant, and we have subtracted off the ground state energy per spin,
The reduced free energy per spin has an expansion of the form
1= 1 where
(lla, b)
The basic principles of high-field expansions for lattice models have been reviewed by Domb (1960) . The expansion takes the form of a summation over all perturbations from a fully aligned state. For the spin t Ising model this expansio~ can be represented directly in terms of graphs. For other models one has to sum over all possible 'decorations' of these graphs (Sykes and Gaunt 1973) . While we are primarily interested in the case in which the field h is the same at all sites, the most efficient way of computing the series is to follow Sykes et al. (1965) and apply different fields hA and hB on each of the two sublattices of the square lattice. (Both fields still have the same direction.) Defining
we obtain 00 00
m=On=O
The Ln are recovered by noting that
m=O The computational efficiency comes from two observations (Sykes et al. 1965): (1) The Gm,n are symmetric, i.e. Gm,n(x) = Gn,m(x) , so that to calculate L1 to L9 we only need Gm,n for m :::;; 4 (and n :::;; 9).
(2) If we sum over all configurations of all the 'B' sites, we create a new lattice model which can be expanded in terms of decorated graphs and which has the same reduced free energy as the original system, so that OR 1 'B' site in state 2 or 4 and 1 in state 1 or 5 OR 1 'B' site in state 3. For each of these values of m the first alternative listed consists of perturbing each of the m perturbed 'B' sites into one of two equivalent states. This is precisely the combinatorial problem involved in applying the method of partial generating functions (p.g.f.s) to the three-state Potts models. The appropriate combinatorial information has been given by Enting (1974a Enting ( , 1974b and can be taken over directly for the sixstate planar Potts model. For m :::;; 4, the additional contributions involve at most two perturbed B sites. General expressions for the combinatorial factors for any lattice model of this type and for up to three perturbed B sites have been givenb Enting (1975 
where for square and honeycomb lattices a = 8,12; b = 8,0; z = 4,3 (the coordination number).
Enting (1974b) describes It as the sum over all configurations of an A site with no B neighbours perturbed and 14 as the sum over all configurations of an A site with two perturbed B neighbours which are in different states. These descriptions also apply to gl and g4 respectively, and in general each of the gi can be described in the same way as Ii for the three-state Potts model. The differences only arise in the Boltzmann weights that appear within each configurational sum. The correction terms which are not analogues of standard Potts model summations are denoted k i and are listed below. For a lattice of coordination number z, the gi are
The Ii are defined for a general q-state Potts model. The functions 17,111 and 112 are associated with configurations which cannot occur for q = 3. Positions 7, 11 and 12 in the coded p.g.f.s given by Enting (l974a, I974b) are therefore always zero. This means that to preserve the correspondence between the Ii of the standard model and the g i of the six-state planar model, g7' gll and g12 are absent from the list above.
We need finally the correction terms in equations (l7d) and (l7e) These specifications enabled us to calculate Ll to L9 for the six-state planar model on the square lattice. These are given in the Appendix. The specifications for the g i could also be used with the Fi for the three-state Potts model on the honeycomb lattice to obtain Ll to L 9 . The honeycomb p.g.f. F5 could be used to extend the series to Lll once correction terms involving three perturbed sites (two in states I or 5 and one in 2 or 4) had been evaluated.
The high-field series can also be regrouped to give an expansion in powers of x.
Since the series is dominated by configurations that have the same type of structure as those of the three-state Potts model, it is fairly easy to determine that Ll to L9 give the low-temperature series correctly through X13. Furthermore it is easy to obtain (by hand) the graphs that are needed to extend the series to X14. The additional term in InA is 60,ul0X14. One final comment is appropriate. Unfortunately it does not seem useful to derive similar expansions for other values of p ~ 5, because in these cases a natural expansion variable does not exist as the energy gaps are not rational multiples of each other. For values of p ,,;; 4, the equivalence of the model to other models (Ising or three-state Potts) means that the high-field expansions do exist and have been extensively studied.
Spontaneous Order
From equation (10) the 'magnetization' or spontaneous order is
Thus from the Appendix we obtain the low-temperature expansion
( 21) where the term of order 14 also involves the additional contribution noted towards the end of the last section.
As mentioned in the Introduction, Cardy (1980) Since our series is rather short and the Pade results are poorly convergent we do not wish to place too much significance on these results. Three points are however worth noting. Firstly, Pade approximants to (XL -x)( dJdx){ln r o(x)} evaluated at X = 0·49 rather consistently yield values near 0'18, which is consistentwith the estimate (24b). Secondly, the estimate (24b) for f3 is close to what one gets from a similar analysis of the weak coupling quantum Hamiltonian series for the Z6 model magnetization derived by Hamer and Kogut (1980) . In this case, the corresponding estimate of the critical coupling is very close to the dual of the critical temperature found by Elitzur et al. (1979) from strong coupling series (c. J. Hamer, unpublished results). Finally, in the next section we shall present further evidence that suggests that the low-temperature critical point of the six-state vector Potts model is in the vicinity of X ~ 0·49.
These points suggest that the Pade analysis is picking out the initial drop of the magnetization from unity and the behaviour is described by an effective exponent f3 ~ 0·18. Near XL the actual behaviour is presumably that predicted by Cardy (1980) although we have no evidence for it. The apparent agreement of the Pade estimate of XL with those of other methods suggests that this cross-over occurs very close in.
Exponent 0
On fixing the temperature variable X, equation (10) yields an expansion of the magnetization r (p" x) in the field variable p, about p, = 0 (i.e. H = (0):
where the first nine coefficients are known. If the six-state planar Potts model possesses a topologically ordered phase similar to that of the 0(2) planar rotor model, we expect that
where the exponent 0 varies continuously with temperature in the interval XL < X < Xu.
For the Villian Zp model, the renormalization group analysis of Elitzur et al. (1979) gave '1 = t at X = x0 and '1 = 4/p2 at xI. This plot is quite striking, the role of the critical temperature at Xc ~ O· 17 being clearly seen. For X < Xc there is a definite upward drift in the estimates On = d;;l, which are apparently growing without bound. This is consistent with the existence of a spontaneous order as p, -+ 1 (x < xc), the series approximating this by a very large (strictly infinite) value of O. On the other hand, for X > Xc, there is a marked downward drift in On towards unity. This behaviour is again what one expects since in this regime (30) with the susceptibility finite. Of course, as X -+ Xc +, x(x) diverges and this affects the rate at which Oil approaches unity. For oX = xc, all estimates pass very close to o = 15. This collapse of the estimates reflects the fact (recall equation 29) that On approaches 6 (= 15) with zero slope as n increases. Including additional high-field polynomials confirms these trends.
Returning to the six-state planar Potts results (Fig. la) , we observe that the same type of behaviour is exhibited at high and low temperatures, although the spread in the estimates 6n is greater than for the Ising model. A definite upward trend in the 6n is apparent for x < XL ~ O· 49, while for X > Xu ~ o· 6, 6 9 is less than 6 7 , Rather
On 15~ "~-:::: ~~ suggestively, 6 appears to be close to 15 at X ~ 0·6. For XL < X < Xu, we interpret the close agreement between 6 9 and 6 7 as a reflection of a 'critical' limit as predicted by (29). Obviously, further polynomials beyond L9 are necessary to confirm this interpretation. Nevertheless, Fig. la remains highly suggestive evidence for an intermediate phase in which there is no spontaneous magnetization but a divergent zerofield susceptibility.
The exponent 6 can also be estimated by evaluating Pade approximants to (1-,u)(djdx){lnr (,u,x) } at,u = 1. Given (26) we get
(1-,u)(djdx){lnr (,u, x) l/l=d = 1j6(X).
The resulting estimates of 6 at select values of X are listed in Table 2 for some central Pade approximants. These values are more or less consistent with Fig. la , but fall off rather more rapidly for X ;;:: O· 55. Whether this implies that Xu is considerably less than 0·6 is unclear. 
Summary
In the preceding two sections we have analysed the high-field polynomial expansion derived in Section 2 for the six-state planar Potts model on the square lattice. Unfortunately, the number (nine) of polynomials is insufficient to allow a precise determination of the critical parameters. Nevertheless, the following conclusions appear valid:
(1) The spontaneous magnetization vanishes at x = XL :::::; 0·49: No evidence of an exponential singularity was however detected, the series analysis suggesting an effective exponent f3 = 0·18.
(2) For x < XL' the behaviour of high-field series is similar to that found in the Ising model, and consistent with the existence of spontaneous order. (3) In the regime XL < X < Xu :::::; 0·6, the high-field series as a function of (4) At X = Xu :::::; O· 6, D appears to be 15. This agrees with the results of the renormalizatipn group analysis of Elitzur et al. (1979) which predicts that the upper transition is equivalent to the Kosterlitz-Thouless transition in the planar rotor model (see also below).
(5) At X = XL :::::; 0'49, D appears however to be less than the value of p2 -1 (=35) predicted by Elitzur et al. (1979) : A value closer to 25 would be more consistent with our results.
(6) Our estimate of Xu ~ 0·6 for the upper critical temperature is very close to the value X = O· 64 corresponding to the critical temperature of the planar rotor model (Tobochnik and Chester 1979) . It seems quite conceivable that this temperature is identically that of the Kosterlitz-Thouless transition in the planar model. It would be interesting to independently estimate Xu for the p-state planar Potts models from an analysis of high-temperature series.
One possible formalism for obtaining such a series would be the application of a low-temperature to high-temperature transformation. The well-known low to high transformation of the Ising model is efficient because it exploits the symmetry under field reversal which helps determine the form of the re-summed series. In models such as the three-state Potts model where there is no symmetry under reversal of the single-direction field, we find that the series given by Enting (1974a) would give only half as many high-temperature terms as could be obtained for the Ising model with the same number of high-field polynomials. Similarly for the six-state planar model, we can only expect a fully efficient low to high transformation if we use more general generating functions that correspond to the full symmetry of the system. The complications inherent in such an approach may render it inferior to more direct algebraic techniques for obtaining high-temperature series. I   I  I  I  I  I  I  I  I  I   I   I  I  I   I   I  I  I  I  I  I  I  I  I  I  I  I  I 
